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Abstract 
We report the design of silica-based 1D phononic crystals (PnCs) with topologically distinct 
complete phononic bandgaps (PnBGs) and the observation of a topologically protected state 
of elastic waves at their interface. By choosing different structural parameters of unit cells, 
two PnCs can possess a common PnBG with different topological nature. At the interface 
between the two PnCs, a topological interface mode with a quality factor of ~5,650 is 
observed in the PnBG. Spatial confinement of the interface mode is also confirmed by using 
photoelastic imaging technique. Such topologically protected elastic states are potentially 
applicable for constructing novel phononic devices. 
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Topological phenomena in quantum Hall, quantum spin Hall systems and topological 
insulators have been extensively studied in condensed matter physics1,2. A hallmark of such 
phenomena is topologically protected edge states which are robust against defects and 
imperfection. The presence of the topological edge states is due to topological characters of 
bulk electronic bands, which is called the bulk-edge correspondence3,4. Recently, topological 
concepts have also been extended to bosonic systems including photonic and phononic 
structures which support the topologically protected states of light5–16, acoustic17–24 and 
mechanical25–30 waves for various applications. Most of experimental studies in mechanical 
systems have focused on discrete structures such as coupled pendula27,28 or granular chains30. 
Although they are useful for describing topological concepts in mechanical systems, 
continuous solid structures supporting topological elastic waves are highly expected to 
realize practical high speed phononic applications. In contrast to the intensive theoretical 
studies of the topological elastic waves31–34, there is a lack of an experimental demonstration 
in the continuous structures. One of the main challenges is due to high modal densities of 
elastic waves in continuous-solid structures, preventing the formation of complete PnBGs 
with topologically distinct properties. Very recently, experimental demonstration of 
topological elastic waves using continuous structures has been reported35,36. However, the 
structures have only partial phononic bandgap (PnBG) which can cause loss of the 
topological elastic states by coupling with other propagation modes. Thus, it remains a 
challenge to realize topological elastic waves in continuous structures with complete PnBGs. 
To the best of our knowledge, experimental demonstration of topological elastic waves in 
continuous structures with complete PnBGs is very limited even in one-dimensional (1D) 
periodic system due to their high modal densities.  
In this report, we report the experimental realization of topological interface state in solid-
structured quasi 1D phononic crystals (PnCs)37. In 1D periodic systems, topologically 
protected edge states are zero-dimensional (0D), localized at the interface between two PnCs 
with topologically distinct bandgap22–24,30,33. The structure we designed consists of two 
different silica 1D PnCs with complete PnBGs which are topologically distinct. The 
topological interface states are guaranteed to exist at the interface between the two PnCs due 
to the bulk-edge correspondence principle. The interface state with 5,650 of mechanical Q-
factor is observed at 202.38 kHz. In addition, spatial confinement of the topologically 
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protected interface state is also confirmed by the photoelastic imaging method. Such high- 
frequency topologically localized states has not yet been achieved experimentally in both 
fluidic22,23 and solid30 systems based on 1D PnCs. This demonstration in continuous-solid 
structures is a significant step towards the realization of practical phononic applications 
utilizing topological concepts. 
Figure 1 (a) shows a unit cell made of fused silica with period 𝐷 = 16 mm along with 
x-direction. The unit cell consists of two wider blocks sandwiching an inner block. Here, we 
use COMSOL Multiphysics, a commercial package based on the finite-element method, for 
all numerical simulations in this study. In the simulations, the mass density of fused silica 
2200 kg/m3, the longitudinal and shear wave speeds in silica 𝑣𝑙=5972 m/s and 𝑣𝑠=3766 m/s 
respectively were used. Analogous to the Su–Schrieffer–Heeger (SSH) model for 
polyacetylene38, different structural parameters of the unit cell can provide different 
topological properties of bulk bands, characterized by Zak phase39. We designed 
topologically distinct PnCs consisting of different unit cells by tuning the structural 
parameters of unit cells: U0 ( 𝑊𝑖𝑛/𝐷 = 0.5, 𝑑𝑖𝑛/𝐷 = 0.685), U1 ( 𝑊𝑖𝑛/𝐷 = 0.3, 𝑑𝑖𝑛/
𝐷 =0.59) and U2 (𝑊𝑖𝑛/𝐷 = 0.505, 𝑑𝑖𝑛/𝐷 =0.73). Phononic band structures for each unit 
cell are presented in Fig. 1 (b), (c) and (d), respectively. In the case of U0, PnBG is closed 
as shown in Fig. 1 (b). The accidental degeneracy point near 204 kHz is topological phase 
transition point where two bands near the point can invert and the Zak phase in the bulk band 
can changes when structural parameters shift properly from those of U0, which are 
analogous to the band inversion process in electronic systems1. The band structure of U1 and 
U2 which have different parameters with the case of U0 were calculated as shown in Fig. 1 
(c) and (d), respectively. The PnBGs are closed and reopened between the structural 
parameters of U1 and U2 via those of U0. Figure 1 (e) and (f) show x-components of 
normalized displacement fields of two band-edge states at 𝑘𝑥 = 0 of U1 corresponding to 
blue and red circles in Fig. 1(c), respectively. The symmetry of the band-edge state is either 
odd or even due to inversion symmetry with respect to its central yz-plane in the unit cell. In 
the case of U2, the symmetries of the band-edge states, i.e. odd and even symmetries, are 
reversed via the band inversion process, corresponding to the switched colors of the circles 
at the band-edge frequencies in Fig. 1 (d). As a result, Zak phases of the lower (upper) band 
near the PnBG change from π(0) to 0 (π), which indicates the topological transition. The Zak 
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phase for the nth isolated band in elastic systems is given by 
𝜑𝑛
Zak = 𝑖 ∫ ⟨𝑼𝑛,𝑘|𝝏𝑘|𝑼𝑛,𝑘⟩𝑑𝑘
𝜋/𝐷
−𝜋/𝐷
         (1) 
where 𝑼𝑛,𝑘 is the normalized Bloch waves of elastic waves with wavevector k. When the 
unit cell has inversion symmetry, the Zak phase must be 0 or π16,22,40,41. Note that Zak phases 
of U1 and U2 are gauge dependent values which depend on the choice of origin of the unit 
cell but the difference between the Zak phases of U1 and U2, which is ∆𝜑Zak = 𝜑Zak(U1) −
𝜑Zak(U2) = π, is uniquely defined42. The distinct topological properties ensure the existence 
of interface states between two PnCs, U1 and U2, predicted from the bulk-edge 
correspondence. The existence of the interface state is related to the sum of all Zak phases 
below the gap on either side of the interface but has no dependence on the properties of the 
higher bands16,22,40. All Zak phases of U1 and U2 below the PnBG were calculated and 
eigenfrequencies of topological interface states in the composite PnC, U1+U2, were found 
in the topologically distinct PnBG regions (see supplementary data, S1). It is worth noting 
that only single localized state in each overlapped complete PnBG region exists in our 
structure even in higher-order PnBGs, such as our target PnBG between 20th and 21th bands. 
The number of the interface states in each overlapped PnBG is determined by the topological 
character of the gap. In the present 1D system, the binary nature of the Zak phase gives the 
number of interface state of 0 or 143. The simultaneous realization of single localized elastic 
mode in several complete PnBG regions is a unique property contrasting the topologically 
protected localized states from the localized modes in conventional PnC cavities. 
In addition to the configuration of U0, in the structural parameter space, 𝑊𝑖𝑛/𝐷 and 
𝑑𝑖𝑛/𝐷, there are other configurations showing the topological transition point at 𝑘𝑥=0. Thus, 
there are various combinations of topologically distinct configurations such as U1 and U2. 
A pair of two configurations with different structural parameters, U1’ ( 𝑊𝑖𝑛/𝐷 =
0.33, 𝑑𝑖𝑛/𝐷 = 0.59) and U2’ ( 𝑊𝑖𝑛/𝐷 = 0.501, 𝑑𝑖𝑛/𝐷 = 0.72) is an example. Those 
topological properties are identical with that of U1 and U2, respectively (see supplementary 
data, S2). Among various possibilities, we used the pair and the structure U1 to 
experimentally demonstrate the topologically protected localized elastic state in silica 1D 
PnCs. 
Figure 2 (a) and (b) shows phononic band structures of composite PnC, U1+U2’ and 
U1+U1’, respectively. The composite PnCs consisting of 10-unit cells for each PnC 
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component were used as a supercell repeated periodically in the x-direction for the 
calculation of the band structures. The green regions in the band structures indicate common 
PnBGs of the PnC components. In the case of U1+U2’, the common PnBG is narrower than 
that of U1+U1’ since the lower band-edge frequency in U2’ is higher than the others (see 
supplementary data, S3). As discussed above, the different topological characteristics 
between U1 and U2’ induced the topological interface states in the common PnBG as 
localized states indicated by the red lines in Fig. 2(a), while no interface state exists in the 
case of U1+U1’ which components are topologically identical. Figure 2 (c) shows the total 
displacement field of the interface state in the case of the finite-size composite PnC without 
the periodic boundaries at the edges, U1+U2’ with the number of period N=4 for each PnC 
components. The total displacement field is well localized around the interface owing to the 
PnBG of U1 and U2’. The corresponding eigenfrequency, 202.97 kHz shows a good 
agreement with the frequency indicated by the red line in Fig. 2(a). 
Samples made of fused silica were fabricated by ultrasonic machining process. Two types 
of composite PnCs, U1+U2 and U1+U1’, were fabricated as topologically non-trivial and 
trivial junctions, respectively. Figure 3 (a) and (b) show the samples of the composite PnCs, 
U1+U2’ and U1+U1’, respectively. Each component with the configuration U1, U2’ and 
U1’of the composite PnCs consists of 4-unit cells, i.e. N=4. In order to confirm each PnBG 
property of the components, the individual PnCs with U1, U1’ and U2’ consisting of 6-unit 
cells were also fabricated (See supplementary data, S4). 
We measured transmission spectrum of elastic waves through the samples. Two 
transducers were placed on the left and right side of the samples as a transmitter and a 
receiver, respectively. Glycerin was used as a couplant providing more efficient elastic 
transmission between the transducers and the samples. The transmission spectra for samples 
of PnCs consisting of a single configuration of U1, U1’ and U2’ agree well with the 
numerical simulations and clearly show bandgap properties, as predicted from each band 
structure (See supplementary data, S4). Figure 4 (a) and (b) shows the transmission spectra 
for the samples of the composite PnCs, U1+U2’ and U1+U1’ shown in Fig. 3(a) and (b), 
respectively. In Fig. 4 (a), a peak originating from the topological interface state was clearly 
observed in the common PnBG of U1 and U2’ shown in green region. On the other hand, no 
localized state was observed in the case of topological trivial junction, U1+U1’, as shown in 
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Fig. 4 (b) since the PnBGs of U1 and U1’ have topologically identical properties.  
Figure 5 shows the measured elastic power near the frequency of the peak in Fig. 4(a). 
The peak in the transmitted elastic power is located at the center frequency of ~202.38 kHz, 
which is in very good agreement with the calculated eigenfrequency of the interface state, 
202.97 kHz in Fig. 2(c). The response curve is well fitted by a single Lorentzian with a full 
width at half maximum of ~35.8 Hz, which corresponds to the mechanical Q~5650.  
The strong spatial confinement of the interface state was also experimentally confirmed 
by photoelastic imaging method. The interface states induce the birefringence in fused silica 
structures through the photoelastic effect. This produces time-varied retardation of the light 
passing through the structure. Since the peak retardation is proportional to the difference 
between the amplitude of strain components at each position of the incident light, the spatial 
distribution of peak retardation reflects the strain fields of the topological elastic waves44,45. 
The spatial distribution of the interface mode was achieved by measuring the peak 
retardations at different incident positions of the light. The peak retardation distribution was 
also calculated for the comparison with the measurement. (see supplementary data for the 
detail of the methods, S5). Figure 6(a) shows calculated spatial distribution of peak 
retardation induced by the topological interface state. The black curve in Fig. 6(b) 
corresponds to the line-cut plot along the yellow broken line in the Fig. 6(a). Here, the 
retardation is normalized by the value at the interface x=0. The results clearly shows the 
spatial localization properties of the topological interface states. The elastic field decays 
rapidly from the interface within the second unit cell of each PnC component 
In summary, we have designed silica-based 1D PnC possessing topologically distinct 
complete PnBGs and experimentally demonstrated a topological interface state of elastic 
wave in the solid-structured PnC. The topologically distinct complete PnBGs are realized by 
changing the structural parameters of the PnC unit cell. Based on the design, we fabricated 
a composite PnCs with the interface between two PnCs which have topologically distinct 
PnBG and demonstrated a highly-confined topological interface state at ~202 kHz with a 
mechanical Q factor of ~5,650 through the transmission measurement and the photoelastic 
imaging. To the best of our knowledge, such high quality factor of the topological interface 
states has not yet been achieved in other topological acoustic/mechanical systems based on 
1D PnCs. In monolithic solid structures we used, the frequency of topological elastic states 
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can be easily increased to above MHz by scaling down the feature size of the structures. 
Thus, our result would be an important step not only for advancing the fundamental research 
of topological elastic waves but also for realizing practical high-speed elastic devices using 
topological concepts.  
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Figure Captions 
Fig. 1. (a) Unit cell of the PnCs used in this study. (b-d) Phononic band structures of U0, U1 
and U2, respectively. (b) The accidental degeneracy point at 𝑘𝑥=0 is a topological transition 
point. (c, d) Two bands shown in blue and red lines are inverted and the Zak phase changes. 
(e, f) The x-components of normalized displacement fields with odd and even symmetries of 
two band-edge states in the case of U1, corresponding to the blue and red circles at 𝑘𝑥=0 in 
(c), respectively. The symmetries of the band-edge states are reversed in the case of U2 via 
band inversion process, corresponding to the switched colors of the circles at 𝑘𝑥=0 in (d). 
PnBGs marked with different colors show different topological characteristics. 
 
Fig. 2. Phononic band structures of composite PnCs and topological interface mode in a 
composite PnC, U1+U2’. The composite PnCs consisting of U1+U2’ and U1+U1’ shown in 
the top in (a) and (b) were used as a supercell for the calculation of each band structure. Each 
PnC component of the composite PnC consists of 10-unit cells, i.e. the number of period 
N=10 for each. The regions colored in green indicate common PnBGs of the PnC 
components. Topological interface states shown in the red line appear in the common PnBG 
due to topological distinct properties between U1 and U2’, while no localized state exists in 
the case of U1+U1’. (c) The total displacement field of the topological interface state in the 
case of a finite-size composite PnC of U1+U2’ with N=4 for each PnC component. The 
deformed shape of the structure is shown in an exaggerated scale. 
 
Fig. 3. Pictures of samples made of fused silica. (a) A composite PnC consisting of U1 (N=4, 
left) and U2’ (N=4, right) which are topologically distinct characteristics. (b) A composite 
PnC consisting of U1 (N=4, left) and U1’ (N=4, right) which are topological identical 
properties. 
 
Fig. 4. Measured (blue) and calculated (black) transmission spectra in the case of (a) U1+U2’ 
and (b) U1+U1’, corresponding to the samples in Fig. 3 (a) and (b), respectively. The 
topological interface state was observed in an overlapped PnBG between U1 and U2 
presented in green region. On the other hand, no interface state appears in (c) due to identical 
topological properties. 
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Fig. 5. Measured elastic power at around the frequency of the interface state. Black solid 
squares are the experimental data. The red curve shows the Lorentzian function fitted to each 
data set. The mechanical Q-factor of ~5650 is observed with the resonance frequency, 202.38 
kHz. 
 
 
Fig. 6. Spatial localization property of the topological interface states in the composite PnC, 
U1+U2’. (a) Calculated normalized retardation distribution in the xz-plane. The yellow 
broken line indicates measurement positions in the experiment. (b) Peak retardation induced 
by the interface mode measured in the middle line parallel to the x-direction corresponding 
to the yellow broken line in (a). The red solid squares are the experimental results. The black 
curve indicated the calculated result. 
 
  
 12 
Figures 
 
 
 
Fig. 1. 
 
 
 
  
 13 
 
Fig. 2. 
 
  
 14 
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Supplement data 
S1. Band structures of U1 and U2 with topological characteristics  
 
Fig. S1. Phononic band structure of U1 (a) and U2 (b) with Zak phase of each band. The values of Zak phase 
0 (π) are shown in red (blue) color. Thick curves indicate doubly degenerate bands due to symmetrical cross 
section of the unit cell, which have same Zak phases each other. The color of PnBG region indicates different 
topological characteristics determined by summation of the Zak phase below the PnBG (c) Total displacement 
distributions of topological interface modes of a composite PnC consisting of U1 and U2 with N=4 for each 
component PnC. Eigenfrequency of each mode calculated by finite element method is indicated by arrows in 
overlapped PnBG region which are topologically distinct. The red arrow in the largest common PnBG is our 
target frequency of the topological interface state. 
 
The topological property of the band gap depends on the summation of the Zak phases of 
all the bands below the gap whether the summation is either even or odd integer multiplied 
by π when the system has inversion symmetry1,2. Figure S1 (a) and (b) shows the calculated 
phononic band structures with the Zak phase of each band of U1 and U2, respectively. The 
values of Zak phase 0 (π) are shown in red (blue) color. Several bands are doubly degenerate 
due to symmetric geometry of the unit cell in yz-plane as shown in the Fig. 1(a). The thick 
curves indicate such degenerate bands which have same Zak phases each other. Different 
topological property of the PnBG is indicated by different color of the PnBGs, either blue or 
orange. The topological interface states in the composite PnC, U1+U2, is guaranteed to exist 
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in topologically different PnBGs due to the bulk-edge correspondence principle. There are 
three-overlapped PnBGs which are topologically distinct beween U1 and U2. The 
topological interfaces modes with total displacement fields in the composite PnC, U1+U2 
consisting of four-unit cells for each components, are shown in Fig. S1(c). The interface 
states were found in the overlapped PnBGs which corresponding frequencies are indicated 
by arrows. The red arrow is our target frequency of topological interface state in the largest 
common PnBG with different topological properties, which provides strong localized state. 
 
 
S2. Topological phase transition in structural parameter space 
 
Fig. S2. The eigenfrequencies of eigenstates at 𝑘𝑥=0 near the PnBG near 200 kHz as a function of 𝑊𝑖𝑛/𝐷 
and 𝑑𝑖𝑛/𝐷. (a) and (b) are a front and back view of the plot, respectively. Two surfaces labeled asπ and 0 are 
formed by the change of two band edge frequencies of the PnBG. The values of π and 0 present the Zak phases 
of the bands including each band edge mode shown in blue and red circles, respectively. Four different 
configurations U1, U1’, U2 and U2’ discussed in the main text are plotted. Their PnBG widths are indicated 
by double-headed arrows. Different color of the arrows shows topologically distinct properties. The line of 
intersection between the two surfaces indicates a topological phase transition node (black curve). The 
topological phase transition point in the case of U0 is shown in green circle on the curve.  
 
 
Figure S2 (a) and (b) show the eigenfrequencies of eigenstates near the PnBG near 200 
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kHz at 𝑘𝑥=0 as a function of 𝑊𝑖𝑛/𝐷 and 𝑑𝑖𝑛/𝐷, showing a front and back view of the graph, 
respectively. Two surfaces labeled as π and 0 in the parameter space were formed by the 
change of two band edge frequencies of the PnBG. The PnBG closes and reopens by tuning 
the values of 𝑊𝑖𝑛/𝐷 and 𝑑𝑖𝑛/𝐷, passing through a topological transition node shown in 
the black line of intersection between the two surfaces. Two configurations, U1’ (𝑊𝑖𝑛/𝐷 =
0.33, 𝑑𝑖𝑛/𝐷 = 0.59) and U2’ ( 𝑊𝑖𝑛/𝐷 = 0.501, 𝑑𝑖𝑛/𝐷 = 0.72), are also considered as 
components of composite PnCs as discussed in the main text. The PnBG width of each 
configuration is indicated by double-headed arrow which different color is to show that the 
PnBGs of U1 (or U1’) and U2 (or U2’) are topologically different. It is worth noting that the 
area of parameter space allowing topologically distinct complete PnBGs is limited since 
other surfaces formed by different mode frequencies at 𝑘𝑥=0 prevent the wide complete 
PnBGs from appearing at the same frequency ranges in different configuration. Therefore, 
the structure parameter should be carefully selected in order to achieve wide enough 
complete PnBGs which provide strongly-confined topological interface states. 
 
S3. Band structures of U1’ and U2’ 
 
Fig. S3. Phononic band structures of U1’ (a) and U2’ (b), respectively. U1’ and U2’ have topologically 
distinct PnBGs each other. As discussed in Fig. 1 in the main text, the symmetries of the band-edge states are 
reversed in the case of U2’ via band inversion process, corresponding to the switched colors of the circles at 
𝑘𝑥=0 in (b).  
 
Figure S3 (a) and (b) shows the phononic band structures of U1’ and U2’, respectively. 
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The values of π and 0 indicate the Zak phases of two bands near the PnBGs. The PnBG of 
each configuration with the topological characteristic corresponds to the double-headed 
arrow at its structural parameter in Fig. S2. As can be seen in Fig. S2 (b), the PnBG width of 
U1’ is similar with that of U1, while U2’ has relatively narrower PnBG than those of the 
other configurations. This induces flat bands below the common PnBG in the band structure 
using the supercell consisting of U1 and U2’ as shown in Fig. 2(a). As similar with the 
relation between U1 and U2, U1’ and U2’ have distinct topological properties, while U1 (U2) 
and U1’ (U2’) are topologically identical.  
 
 
 
S4. Transmission spectra of U1, U1’ and U2’ 
 
  Fig. S4. Measured (blue) and calculated (black) transmission spectra with pictures of the measured samples, 
(a) U1, (b) U1’ and (c) U2’, respectively. 
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Figure S4 (a-c) shows transmission spectra of samples with U1, U1’ and U2’, respectively. 
All samples consists of 6-unit cells. The measured transmission spectra shown in blue are 
well matched with the calculation shown in black. Each frequency range where strong 
attenuation of elastic waves occurs shows a good agreement with the PnBG in the band 
structure as shown in Fig. 1(b) and Fig. S3. As predicted from the band structure of U2’, its 
transmission spectrum shows relatively narrower frequency range where the PnBG effect 
occurs. However, there is still overlapped frequency range from 198.32 to 205.84 kHz with 
that of U1, where a single topological interface state is guaranteed to exist when the two 
PnCs are connected. 
 
S5. Methods to measure and calculate a spatial distribution of the topological 
interface states 
 
Fig. S5. Schematic of the experimental setup for measuring mode distribution of the interface states in a 
composite PnC consisting of U1 (N=4, left) and U2 (N=4, right). 
 
The experiment setup used for the measurement of mode distribution is shown in Fig. S5. 
A PZT disc was attached at the interface to excite the topological elastic states. The PZT disc 
was driven by applying a 2.5-V peak-to-peak sinusoidal voltage at the interface mode 
frequency, 𝜔c/2𝜋 ~202.38 kHz. The induced birefringence through the photoelastic effect 
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produces a time-varied phase retardation between x- and z-polarized components of the light 
passing through the composite PnC. A He–Ne laser (wavelength 𝜆op =633 nm) was used 
as a light source. Transmitted light intensity 𝐼𝑐 through a polarizer along 45
° with respect 
to the x-axis was measured by silicon photo detector coupled into an oscilloscope. In the 
case of circular-polarized incident light, the general expression for the measured intensity 
𝐼𝑐 is expressed as 
𝐼c = 𝐼0[1 + 2𝐽1(𝐴0) cos(𝜔c𝑡) − 2𝐽3(𝐴0) cos(3𝜔c𝑡) + ⋯ ]/2,     (S1) 
where 𝐴0  is the peak retardation. Using a spectrum analyzer, we measured the 
fundamental frequency component 𝐽1(𝐴0), which is proportional to 𝐴0 when 𝐴0 is small. 
By scanning the position of the incident light beam along the x-axis, a spatial distribution of 
the peak retardation was measured. We also calculated peak retardation 𝐴0(𝑥, 𝑧) using 
material parameters of fused silica as same as our previous work3. The induced local 
birefringence distribution ∆𝑛 (𝑥, 𝑧) at each xz-plane is not uniform along y-axis due to the 
quasi-longitudinal nature of the interface mode as shown in Fig. 5(b). Therefore, 
accumulated retardation distribution 𝐴0(𝑥, 𝑧) after the light passes through the structure is 
expressed below as the integral of the induced birefringence over light propagation length d 
which also depends on the thickness of the structure along y-axis: 
𝐴0(𝑥, 𝑧) =
2𝜋
𝜆𝑜𝑝
∫ ∆𝑛 (𝑥, 𝑧) 𝑑𝑦
𝑑
0
.      (S2) 
  Since ∆𝑛 (𝑥, 𝑧) is proportional to the difference between x- and z- component of strain 
tensor amplitude at each position, i.e. ∆𝑛 (𝑥, 𝑧) ∝ 𝑒𝑥𝑥 − 𝑒𝑧𝑧, the spatial distribution of peak 
retardation reflects the strain fields of the topological elastic waves. 
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